This study investigates the nonlinear stability of hypersonic viscous flow over a sharp slender cone. The attached shock and the effects of curvature are taken into account. Asymptotic methods are used for large Reynolds number and large Mach number to examine the viscous modes of instability, which may be described by a triple-deck structure. A weakly nonlinear analysis is carried out allowing an equation for the amplitude of disturbances to be derived. The coefficients of the terms in the amplitude equation are evaluated for axisymmetric and non-axisymmetric disturbances. Thus, the effects of the shock and curvature on the nonlinear stability of the flow may be deduced.
Introduction
One of the special features of a hypersonic boundary layer is that the transition process from a laminar to a turbulent flow gives rise to large changes in both heat transfer and skin-friction drag. For design purposes of hypersonic vehicles, for instance in thermal protection systems, it is important to be able to predict the location of transition. Despite experimental, numerical and theoretical studies the transition process in a hypersonic boundary layer is not well understood and is still the focus of much research activity.
At hypersonic Mach numbers it is generally believed, from experimental and theoretical observations, that transition to turbulence in a conical boundary layer is a result of the so-called 'secondmode' instability waves; see (1, 2) . These modes only exist for supersonic flow and are associated with higher frequencies than the so-called 'first-mode' instability which is similar to TollmienSchlichting waves occurring in incompressible boundary layers. The roles of the first and second modes of instability in hypersonic boundary layers are quantified numerically by Masad and Abid (3) . These authors suggest that transition is caused by a combination of two-dimensional first and second modes of instability.
There are significant differences between the stability of hypersonic planar and conical boundary layers which are elucidated by Stetson et al. (4) . For example, recent experimental results (5) on the instability of a hypersonic boundary layer over a flat plate in a 'low disturbance' wind tunnel found only oblique first-mode waves. This does not agree with the linear stability theory of Mack (6) . The authors conclude that in free flight second-mode disturbances may play a minor role in the transition process. However, early experimental results for cone models agree with the theoretical linear stability theory of (6) if allowances are made for the noisy freestream and nonlinear disturbances; see (2) . Thus the instability of a conical boundary layer at hypersonic speeds merits a separate study. The review paper of Lysenko (7) details the peculiarities of the stability of hypersonic boundary layers as observed experimentally and obtained numerically. Previous theoretical approaches are discussed in the review paper of Cheng (8) .
The focus of the current study is the effect of an attached shock on the nonlinear stability of viscous modes in hypersonic flow over a slender cone. If these viscous modes are excited, say by wall roughness, they may be responsible for transition to turbulence. The analysis follows Smith (9) who showed that viscous instability modes in a hypersonic boundary layer may be described by a triple-deck structure. Within this framework Cowley and Hall ((10) , hereafter referred to as CH) investigated the effect of an attached shock on the linear stability of hypersonic flow over a wedge. Their results demonstrated that the growth rates of Tollmien-Schlichting waves are affected by the shock. A significant result is that the presence of the shock gives rise to an infinite number of unstable modes.
The additional effects of curvature were investigated by Seddougui and Bassom ((11) , hereafter referred to as SB) who considered the linear stability of hypersonic flow over a cone. Again, attention was focused on viscous modes of instability allowing a triple-deck formulation. This study was similar to the work of Duck and Hall (12, 13) who considered the stability of supersonic flow over axisymmetric bodies to axisymmetric and non-axisymmetric disturbances. The analysis was carried out when the radius at the point of interest is much larger than the boundarylayer thickness. In this situation the effect of curvature will be important; see (14) . The results of (12, 13) show that the neutral curves bear no resemblance to those in the absence of curvature.
The study of SB presented neutral and non-neutral solutions for both axisymmetric and nonaxisymmetric disturbances. The results obtained suggest that when the attached shock is taken into account the effect of curvature on the linear stability of hypersonic flow is significant. Specifically, multiple modes are possible, as in the planar case, arising due to the shock allowing incoming and outgoing waves. However, the modes which exist in the absence of the shock are now totally destroyed. Moreover, in contrast to the planar case the influence of the shock is always there. It was also found that the spatial growth rates decrease as the shock moves away from the cone. The authors conclude that the shock should not be neglected. Numerical studies by Stilla (15) , Leung and Emanuel (16) and Stuckert and Reed (17) also conclude that the effect of the shock must be taken into account. The experimental study of Mironov and Maslov (18) details the characteristics of density waves in a shock layer on a flat plate at M ∞ = 21.
The stability of the laminar boundary layer over a sharp cone has been investigated experimentally by Stetson et al. (19) for Mach-8 flow past a 7 • half-angle sharp cone. Disturbance amplification rates were measured and a stability diagram obtained which indicates the existence of multiple unstable regions in a hypersonic boundary layer. These experiments were carried out in conventional hypersonic wind tunnels. More recent relevant experiments have been conducted in the NASA LaRC Mach-6 quiet tunnel (20) , where measurements over a flared cone at Mach 6 were obtained to identify instability modes. These results suggest that the second-mode disturbances were the most unstable and higher harmonics were observed in agreement with the earlier experiments. These results suggest that nonlinear disturbances are not a result of high levels of freestream disturbance. They found that in the weakly nonlinear regime the amplification rates were mainly of a mass-flux nature. Experiments on conical models at hypersonic speeds have also been carried out recently (21) where disturbances were generated by artificial wave packets. The experimental investigation (22) of the boundary layer of a 7 • half-angle sharp-nosed cone at Mach 6·8 focused on the case when the transition process was dominated by second-mode instability. Space-time correlation measurements were presented.
The advances in computer power have enabled progress to be made in the direct numerical solution of problems relating to this study, which are particularly computationally intensive for compressible flows. Zhong (23) has considered the stability of the hypersonic flow over a parabolic leading edge using high-order finite-difference schemes, taking into account the bow shock. Both first-and second-mode waves were found to be generated. Johnson, Seipp and Candler (24) have investigated the effects of a reacting boundary layer on the transition process for hypersonic flow over a cone, using linear stability theory. Their model reproduced the shock tunnel experiments of (25) for flow over a 5 • half-angle cone.
The recent study of (26) presents the results obtained from solutions of the parabolized NavierStokes equations for hypersonic axisymmetric flow over blunt and sharp slender cones. The results for second-mode instability are compared with other solutions. The parallel-flow linear stability results overpredict the maximum spatial growth rates observed in the experiments of (19) . This suggests that nonlinear effects may be significant.
The focus of the current investigation is the effects of nonlinearity on the stability of hypersonic flow over a sharp cone when the effect of the shock is taken into account. There has been very little consideration of nonlinear effects in this problem.
The recent theoretical investigation of (27) considered an approximate model taking into account the shock wave. A set of nonlinear equations was solved to calculate the heat transfer coefficient.
In an attempt to explain the discrepancy between measured and calculated growth rates in his earlier experiments Stetson (28) discussed the nonlinear aspects of hypersonic boundary-layer stability from previously obtained experimental results. These indicate that the higher frequency disturbances observed may be nonlinear disturbances. The author suggested that further experiments were required. Kimmel and Kendall (29) analysed the data of (19) and concluded that there was evidence of nonlinear wave propagation. Recent experiments (30) in the NASA LaRC Mach-6 quiet tunnel have investigated the nonlinear interactions of the instability modes for hypersonic flow over a cone. This study shows that at high amplitudes a nonlinear interaction precedes the breakdown of the laminar flow.
As a first theoretical investigation into the effects of nonlinearity on the stability of the hypersonic flow over a cone, taking into account the attached shock, in the current study we extend the linear analysis of SB into the weakly nonlinear regime. Here larger disturbances are considered but not so large as to alter the basic flow. This has been investigated for the planar case for viscous modes by Seddougui and Bassom (31) , where the attached shock was also taken into account. It was found that the nonlinear effects were stabilizing. Duck and Hall (12) used a weakly nonlinear approach to study the interaction of pairs of unstable lower-branch axisymmetric modes in supersonic cylindrical flows. Their results showed that either mode can lead to a stable finite-amplitude state. The study of (32) considered the effects of nonlinearity on inviscid acoustic modes in a general hypersonic boundary layer which were shown to reduce the growth rates.
The plan of the paper is as follows. In section 2 the problem of hypersonic flow over a sharp cone is formulated. The ranges of validity of the subsequent analysis, appropriate to nonlinear viscous modes, are stated here. The triple-deck structure for non-axisymmetric disturbances is described in section 3 and the conditions which hold at the shock are given. A weakly nonlinear analysis of the governing equations is presented in section 4. The method employed follows that of Smith (33) who studied the nonlinear stability of an incompressible boundary layer over a flat plate. There are differences here due to the effects of curvature and the shock, which will be highlighted. The outcome of the analysis is that an equation for the amplitude of the disturbances is obtained. The values of the coefficients in this equation are significant and are evaluated in section 5 with the results being discussed in section 6.
Formulation
We consider the flow of a compressible viscous fluid over a sharp slender cone of semi-angle θ c at hypersonic speeds and zero angle of attack. The angle which the attached shock makes with the cone is denoted by θ s and the magnitude of the incoming flow by U 0 ; see Fig. 1 . The basic (undisturbed) flow is given in terms of spherical polar coordinates (x, θ, φ), where φ denotes the azimuthal angle. Here, the radial distance x has been non-dimensionalized with respect to L * , the distance from the tip of the cone to the location where the local nonlinear stability analysis is to be carried out. The velocities are non-dimensionalized with respect to U − , where U − is the magnitude of the fluid velocity just behind the shock.
In the region between the attached shock and the cone the density of the fluid can be taken as constant for sufficiently small ratio of fluid density just ahead of the shock and that just behind it. We focus on this situation with the result that a steady constant-density solution of the governing inviscid equations may be obtained (see (34) ) in the form u = U − (u, v, 0), where
Here z = cos θ and the constants A and B are determined from the conditions at the shock (see SB for more details). This inviscid flow must be supplemented by a boundary-layer solution close to the surface of the cone. We define the Reynolds number of the flow by
where ρ − and µ − are the density and viscosity, respectively, just behind the shock. The flow between the shock and the cone satisfies the continuity, Navier-Stokes and energy equations. These are written in terms of non-dimensional coordinates (x, r , φ), where L * r is the normal coordinate to the cone surface, with r = a on the generator of the cone. Since θ c is small, terms of O(θ c ) are neglected. The full equations are given in SB and are not repeated here. In addition, we assume the fluid to be a perfect gas so that the equation of state becomes
where γ is the ratio of specific heats, M is the Mach number just behind the shock and p, ρ and T are the non-dimensional pressure, density and temperature, respectively, of the fluid. (The nondimensionalization has been carried out with respect to quantities just behind the shock.) The relevant boundary conditions are that of no-slip and for temperature T = T w at the surface of the cone, together with appropriate conditions at the shock location (see later) given by r = r s , say.
It is found that we do not need to be precise about the boundary condition for the temperature at the surface of the cone. The analysis is also unaffected by the choice of viscosity law relating the fluid viscosity to its temperature. These issues are discussed in detail by SB and the interested reader is referred to that paper.
The range of validity of the subsequent analysis is, however, affected by the choice of viscosity law. For Chapman's law µ w = CT w (where a subscript w denotes values at the surface of the cone) we have These restrictions derived by CH are a consequence of (i) considering the shock to lie within the upper tier of the triple-deck structure which governs the stability of the flow; (ii) ensuring that the lower deck of the triple-deck structure is nonlinear; and (iii) that the linearized shock boundary conditions applied by CH and SB remain valid. As in CH we make the 'Newtonian' assumption that γ − 1 1 so that non-parallel effects can be neglected, simplifying the analysis. The computational study of (35) on shock-layer instability of hypersonic flow over a blunt body suggests that there is a critical value of the density ratio across the shock where the Newtonian theory may be applied. Above this value the shock layer becomes unstable.
The triple-deck structure
The stability of the basic flow to Tollmien-Schlichting waves for Re 1 and M 1 is governed by a triple-deck structure. This formulation was used by CH and (13) in their linear studies. We summarize the details of the structure here; further details are given in SB. also. We focus on this case so that the boundary-layer thickness, O(Re −1/2 L * ), is small compared to the radius of the cone. Then the effects of curvature will be important in the analysis-one of the main features to be investigated.
Following CH it is convenient to scale out µ w , T w and λ. Here λ denotes the boundary-layer skin friction. Thus, we introduce the scales
where t denotes non-dimensional time. The streamwise scale for x reflects the fact that we are interested in Tollmien-Schlichting waves which have wavelengths much smaller than the distance from the apex of the cone to the location where the analysis is to be carried out.
The lower tier of the triple-deck structure is the viscous region in which the nonlinearity of the problem appears. The scalings here take the form
We substitute these expressions into the non-dimensionalized continuity and Navier-Stokes equations to yield at leading order
There is no P X term in the X -momentum equation due to the hypersonic limit being taken. The boundary conditions at the surface of the cone yield
In addition, the solutions in the lower deck must match with those in the main deck as Y → ∞. The main deck covers the extent of the undisturbed boundary layer. We find that
where A is a displacement function whose determination is the purpose of the subsequent analysis, and D satisfies D X = −P φ /a. For M 1 the main deck contains a temperature adjustment layer, which is a logarithmically small layer where the temperature of the basic flow is reduced from its O(M 2 ) value close to the surface of the cone to its O(1) value at the edge of the boundary layer. This necessitates a threelayer structure to the main deck. The details of the structure of the main deck are given in CH and will not be repeated here. The solutions in the region where the basic temperature is large, where are easily found to be
Here U 0 and R 0 are the non-dimensional velocity and density, respectively, of the basic boundarylayer flow.
As stated earlier, in order that the effect of the shock may be included the scalings have been chosen so that the shock occurs in the upper deck of the triple-deck structure. For Chapman's law we have θ s ∼ θ c ∼ Re 3/16 M −23/8 , whilst for Sutherland's law this implies that θ s ∼ Re 3/13 M −40/13 . Details of the scalings in the upper deck are given by SB. It is here that the effects of curvature are important. The governing disturbance equations here yield the following equation for the pressure:
where
The boundary conditions appropriate to (3.8) arẽ p r = A X X andp = P at r = a, (3.10) from matching with the main deck as r → a. There is an additional boundary condition to be applied at the shock location r = r s , say. From (36) , by considering linear waves beneath the shock, we have thatp
In the absence of the shock we would instead require no incoming waves (see (37)).
The nonlinear solution
It is possible to make analytical progress by implementing a weakly nonlinear analysis of the system described in section 3. The method employed is that used by Smith (33) who investigated the nonlinear stability of an incompressible Blasius boundary layer to Tollmien-Schlichting waves. We consider perturbations proportional to
where n is an integer greater than 0 (the case of axisymmetric disturbances for n = 0 requires a separate analysis, which will be discussed later). Here α and n are the streamwise and azimuthal wavenumbers respectively and is the frequency of the disturbance.
We consider a weakly nonlinear disturbance which develops in the vicinity of the linear neutral point (real α and for fixed n). As expected, if the relative amplitude of the disturbance in the lower deck is O(h), h 1, then the scaled amplitude A of the mode will evolve on an O(h 2 ) lengthscale. However, in order that non-parallel flow effects are negligible, following Hall and Smith (38) Thus, we consider perturbations at the point
Since the skin friction λ is a function of x, it too will be slightly perturbed from its neutral value and we write
where λ 2 = x 2 dλ/dx| x=1 . Additionally, we choose to fix the azimuthal wavenumber and write
where 1 is the neutral value of from the linear analysis (see SB). To account for the slow modulation of the amplitude on streamwise lengthscales we introduce the coordinatẽ
and then by use of multiple scales we replace all X derivatives throughout according to
Now for h 1 we proceed to seek solutions of the lower-deck equations (3.3) to (3.5) and the upper-deck problem (3.8), (3.10), (3.11) , where
The boundary conditions (3.5) become
Substitution of (4.6) into the disturbance equations (3.3) and (3.8) leads to a hierarchy of problems at increasing orders in h, which we now consider in turn.
The first-order problem
The linear stability analysis of SB provides the solution for the O(h) terms in (4.6). The solution for A 1 has the form 
where ξ 0 = −i 1/3 1 α −2/3 , Ai(ξ ) is the Airy function and K n and I n are the usual modified Bessel functions; see (39) . Neutral and non-neutral solutions of (4.9) were obtained by SB. Typical neutral solutions for α are shown in Fig. 2 for r s = 1 and n = 1. Here the regions of instability lie above the curves. In our subsequent analysis we are only interested in the neutral solutions. For a discussion of the non-neutral solutions the interested reader is referred to SB. The main result of SB is that the effect of the shock is significant and gives rise to multiple modes.
The second-order problem
At O(h 2 ) we find the solution for A 2 takes the form
with similar expansions for U 2 , V 2 , W 2 , P 2 andp 2 . The analysis for the lower and main decks follows (33) so the details are omitted here. The solution for p 22 is now given in terms of K 2n and I 2n . Fig. 2 The first five neutral modes of (4.9) with azimuthal wavenumber n = 1. Shown is α against a for 0 < a < r s and r s = 1. The small a and a → r s asymptotes detailed in SB are also indicated The solution in the lower deck involves an inhomogeneous differential equation of which a solution only exists if a certain compatibility condition holds. This condition is derived by considering the adjoint system of the problem as in (40) . Specifically, we multiply the inhomogeneous equation by the adjoint function and integrate over the range [ξ 0 , ∞].
The third-order problem
To complete the problem we require the solution ofp 31 in the upper deck, wherep 31 satisfies the equation 10) subject to the boundary conditions
The solution forp 31 is obtained by the method of variation of parameters, involving integrals of modified Bessel functions. Then by matching the solution forp 31 with the solution for the disturbance pressure in the main deck we obtain the evolution equation for A 11 in the form
The complex constants in (4.12) are given by
14)
where χ denotes 8 involve Airy functions and are defined in (31) , while T 18 is defined in (41) . The remaining constants b n , c n , d n , e n , f n and g n depend on the neutral values of α for fixed values of a and r s and involve modified Bessel functions. They are defined in the Appendix. 
Results
Before we discuss the solutions of (4.12) for non-axisymmetric disturbances we consider the case of axisymmetric disturbances. This situation must be considered separately since the Mach number can be scaled out of the weakly nonlinear problem. The analysis follows that for non-axisymmetric disturbances with M replaced by |M 2 − 1| 1/2 throughout. The only exception is the scales for the pressure perturbation where M −3/2 is replaced by |M 2 − 1| 1/4 which necessitates changes in the factors of M for u and ρ in the upper deck. The ranges of validity of the analysis are unchanged from those appropriate to the non-axisymmetric problem. In this case we consider solutions for frequency fixed so that the resulting amplitude equation is
The constant coefficients in (5.1) are given by
3)
The constant T 1 is defined in (41) . The remaining constants are given in the Appendix. The difference in a 10 compared to a 1 for the non-axisymmetric problem is due to the solutions for U 11 being different for the different problems. The values of α and in (5.2) to (5.4) are neutral solutions of the linear dispersion relation
These solutions have been discussed by SB where it is found that the neutral curves have a form similar to those for the non-axisymmetric case. There is one difference, however, in that the first mode does not have α → 0 as a → 0, but α tending to a finite value as for the higher modes. The significance of the amplitude equation is deduced from the values of re(a 20 /a 10 ) and re(a 40 /a 10 ) (re is 'real part'). These have been evaluated at several values of r s and a range of values of a for the first few modes corresponding to the neutral solutions of (5.5). The findings are summarized below. Moving on to determine the effects of nonlinearity in Fig. 4 we show re(a 40 /a 10 ) as a function of a for r s = 1 and r s = 4 for the first four modes. We see that re(a 40 /a 10 ) < 0 with some variation for small values of a. As a → r s we find that re(a 40 /a 10 ) → −∞ for all modes. Thus, the effect of the shock is significant here. Specifically, the asymptotic results for a → r s are
for the first mode and These are indicated by the dashed lines in Fig. 4 . Again, we see that the amplitudes decrease as r s increases. Thus, the nonlinear effects are stabilizing and the linearly unstable case re(a 20 λ 2 /a 10 ) > 0 is supercritically stable with an equilibrium amplitude
Note here that λ 2 is negative downstream of the neutral location. In Fig. 5 we show the function (re(a 20 )/re(a 40 )) 1/2 for r s = 1 and r s = 4. The amplitude decreases with increasing mode number but interestingly the amplitude increases as r s increases (corresponding to the shock moving away from the surface of the cone).
Returning to the non-axisymmetric problem and the evolution equation (4.12), in Fig. 6 we show re(a 2 /a 1 ) as a function of a for n = 1 and r s = 1 and r s = 4 for the first five modes. Again, we see that this quantity is always negative and that the amplitudes decrease as r s increases. For even larger values of r s the disturbance activity becomes concentrated in a narrow region for a ≈ 1 as shown in Fig. 7 . The results for n = 2 are shown in Fig. 8 for r s = 1 and r s = 4. The amplitudes for r s = 1 and r s = 4 are greatly enhanced compared to those for n = 1.
The values of re(a 3 /a 1 ) are shown in Fig. 9 for n = 1 and r s = 1 and r s = 4. There is a difference in behaviour of re(a 3 /a 1 ) for the first mode for small values of a, corresponding to the anomalous behaviour of the first neutral solution; see Fig. 2 . We see here that the amplitudes decrease as r s increases.
Moving on to investigate the effect of nonlinearity by considering the sign of re(a 4 /a 1 ) we find that it is always less than zero for all the cases considered. Thus, the nonlinear effects are stabilizing. The value of re(a 4 /a 1 ) as a function of a is shown in Figs 10 and 11 for r s = 1 and r s = 4 for n = 1 and n = 2 respectively. The dotted line shown in Figs 10b and 11b is the corresponding result if the effect of the shock is neglected. (In the absence of the shock, solutions only exist for a small range of a.) We see that as r s increases the stabilizing effect of nonlinearity is reduced and the amplitudes of the solutions for small a tend to those in the absence of a shock. Thus, the influence of the shock gives rise to enhanced stabilizing effects of nonlinearity. We see in Figs 10a and 11b that there is a sharp change in behaviour for the higher modes at a particular value of a depending on the mode number and the values of r s and n. At present we have no explanation for this feature. Also shown by the dashed lines on Figs 10 and 11 are the asymptotic results for a → r s , namely
We expect that better agreement would be obtained by determining the next term in the asymptotic series.
Discussion
The weakly nonlinear stability of viscous modes in the hypersonic boundary layer on a slender cone has been investigated. After a lengthy analysis the amplitude equation has been derived. The coefficients of this equation have been evaluated and it is found that the nonlinear effects are stablizing for both axisymmetric and non-axisymmetric modes. If the attached shock is taken into account the nonlinear effects are stronger, significantly so when the shock is close to the surface of the cone. In this situation the effects of nonlinearity are stronger for the non-axisymmetric modes compared to the axisymmetric ones. As the shock moves away from the surface of the cone the nonlinear effects are stronger for the axisymmetric modes. For r s = 1, SB showed that the non-axisymmetric modes have the largest spatial growth rates and for larger values of r s the axisymmetric modes appear to be the most dangerous. Thus, the effect of nonlinearity is more significant for the most dangerous modes. We can conclude that the effect of the shock is to stabilize the unstable viscous modes that exist due to the presence of the shock and admit finite-amplitude equilibrium solutions. This could explain why the inviscid second mode has been observed to be dominant in the later stages of the transition process for hypersonic flow over cones. The stabilizing effect of nonlinearity on inviscid modes obtained by Goldstein and Wundrow (32) may account for the observed growth rates being lower than predicted by linear stability theory. As discussed in section 1 the roles of the first and second modes in the transition process for planar hypersonic boundary layers is not well-understood. We can deduce the effect that curvature has on the nonlinear stability of the flow by comparing our results to the planar results obtained in (31) . We find that curvature has the effect of making the nonlinear effects stronger. This may explain why the first modes have been observed to be more prevalent in planar hypersonic boundary layers than in conical ones.
Clearly there is still much research to be done before the transition process for hypersonic boundary layers is fully understood. At least now we can rule out the likelihood of transition caused by a subharmonic breakdown of the stable viscous modes described here. At present, it is not known what the effect of nonlinearity is on the other modes that may be present and not considered here. Specifically, for first modes governed by a critical layer analysis and the second modes. Thus, it is not possible to predict which modes are likely to be dominant.
A natural extension to this work is to consider the possibility of mode interactions and in particular resonant interactions. These have been observed experimentally by Professor Y. S. Kachanov (personal communication) for hypersonic flow over a cone. The numerical study of (42) found resonant interactions for spatial disturbances in a supersonic flat-plate boundary layer. More recently, the receptivity investigations of (43) and (44), also for a supersonic boundary layer over a flat plate, identified resonant interactions between stable wave modes and acoustic waves or first and second modes. In addition, it was found that the incident shock wave must be included. Work is underway to investigate whether interactions of modes identified in the current study will lead to enhanced amplitudes and we hope to be able to report on this study in due course.
